COMPARISONS OF RELATIVE BV-CAPACITIES AND 
SOBOLEV CAPACITY IN METRIC SPACES 

HEIKKI HAKKARAINEN AND NAGESWARI SHANMUGALINGAM 

Abstract. We study relations between the variational Sobolev 1- 
capacity and versions of variational BV-capacity in a complete met- 
ric space equipped with a doubling measure and supporting a weak 
(1, l)-Poincare inequality. We prove the equality of 1-modulus and 
1-capacity, extending the known results for 1 < p < oo to also cover 
the more geometric case p = 1. Then we give alternative defini- 
tions for variational BV-capacities and obtain equivalence results 
between them. Finally we study relations between total 1-capacity 
and versions of BV-capacity. 



I. Introduction 

In this article we study connections between different 1-capacities 
and BV-capacities in the setting of metric measure spaces. We obtain 
characterizations for the 1-capacity of a condenser, extending results 
known for p > 1 to also cover the more geometric case p — 1. Further- 
more, we study how the different versions of BV-capacity, correspond- 
ing to various pointwise requirements that the capacity test functions 
need to fulfill, relate to each other. 

One difficulty that occurs when working with minimization problems 
on the space W^ 1,:L (IR n ) is the lack of reflexivity. Indeed, the methods 
used to develop the theory of p-capacity are closely related to those used 
in certain variational minimization problems; in such problems reflex- 
ivity or the weak compactness property of the function space W 1,p (W l ) 
when p > 1 usually plays an important role. One possible way to deal 
with this lack of reflexivity is to consider the space BV(R n ), that is, 
the class of functions of bounded variation. This wider class of func- 
tions provides tools, such as lower semicontinuity of the total variation 
measure, that can be used to overcome the problems caused by the lack 
of reflexivity in the arguments. 

This approach was originally used to study variational 1-capacity in 
the Euclidean case in [37], [21], and [13] ■ The article [25] showed that 
similar approach could also be used to study variational 1-capacity in 
the setting of metric measure spaces. In [25] the main tool in obtaining 
a connection between the 1-capacity and BV-capacity was the metric 
space version of Gustin's boxing inequality, see [15]. Since then, this 
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strategy has been used in [TS] to study a version of BV-capacity and 
Sobolev 1-capacity in the setting of metric measure spaces. Since the 
case p = 1 corresponds to geometric objects in the metric measure space 
such as sets of finite perimeter and minimal surfaces, it behooves us to 
understand this case. A study of potential theory in the case p — 1 for 
the setting of metric measure spaces was begun in the papers [18] , [25] , 
and [26J, and we continue the study in this note. 

In the theory of calculus of variations, partial differential equations 
and potential theory many interesting features of Sobolev functions are 
measured in terms of capacity. Just as sets of measure zero are associ- 
ated with the L p -theory, sets of p-capacity zero should be understood 
in order to deal with the Sobolev space W 1,p (M. n ). For 1 < p < oo the 
p-capacity of sets is quite well- understood; see for example [12], [33] , 
[39] for the Euclidean setting, and in the more general metric measure 
space setting, [20], [23], [H], [21], [29], [30], pi], and the references 
therein. The situation corresponding to the case p = 1 is not so well- 
understood. 

In the setting of p = 1 there are two natural function spaces to con- 
sider: Sobolev type spaces, and spaces of functions of bounded vari- 
ation. Since these two spaces are interrelated, it is natural to expect 
that the corresponding capacities are related as well. However, these 
two function spaces are fundamentally different in nature. Functions 
in the Sobolev class W /1 ' 1 (lR n ) have quasicontinuous representatives, 
whereas functions of bounded variation need not have quasicontinu- 
ous representatives, and in fact sometimes exhibit jumps across sets of 
nonzero codimension one Hausdorff measure; see for example [5]. Be- 
cause of the quasicontinuity of Sobolev type functions, one can either 
insist on the test functions to have value one in a neighborhood of 
the set whose capacity is being computed, or merely require the test 
functions to have value 1 on the set. Such flexibility is not available 
in computing the BV-capacities and hence different point-wise require- 
ments on the test functions might lead to different types of BV-capacity. 
Thus, corresponding to the BV-class there is more than one possible 
notion of capacity and it is nontrivial to even know which versions of 
BV-capacities are equivalent. We point out here that the analog of 
Sobolev spaces considered in this paper, called the Newton-Sobolev 
spaces, consist automatically only of quasicontinuous functions when 
the measure on X is doubling and the space supports a (1, l)-Poincare 
inequality. 

The primary goal of this note is to compare these different notions 
of capacity related to the BV-class, and to the capacity related to the 
Newton-Sobolev space A^ 1,1 (V). In Section 2 we describe the objects 
considered in this paper, and then in Section 3 we show that the 1- 
modulus of the family of curves in a domain Q in the metric space, con- 
necting two nonempty pairwise disjoint compact sets E, F C Q, is the 
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same as the Newton-Sobolev 1-capacity and local Lipschitz capacity 
of the condenser (E,F,Q). Our arguments are based on constructing 
appropriate test functions. In Section 4 we consider three alternat- 
ive notions of variational BV-capacity of a compact set K G Q, and 
show that these notions are comparable to each other and to the vari- 
ational Sobolev 1-capacity of K relative to Q. We combine tools such 
as discrete convolution and boxing inequality to obtain the desired res- 
ults. In Section 5 we consider total capacities where we minimize the 
norm of the test functions rather than their energy seminorm. We con- 
sider these quantities of more general bounded sets - related to both 
BV-functions and to Sobolev functions - and compare them to their 
variational capacities. 

In the classical Euclidean setting some of these results are known, 
for example from |2T] . but even in the weighted Euclidean setting and 
the Carnot groups the results of this paper are new. 
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thors thank these institutions for their kind hospitality. 

2. Preliminaries 

In this article X = (X, d, /i) is a complete metric measure space. We 
assume that fi is a Borel regular outer measure that is doubling, i.e. 
there is a constant Co, called the doubling constant of /i, such that 

for all balls B of X. Furthermore, it is assumed that < fi(B) < oo 
for all balls B C X. These assumptions imply that the metric space X 
is proper, that is, closed and bounded sets are compact. In this article, 
by a path we mean a rectifiable nonconstant continuous mapping from 
a compact interval to X. The standard tool that is used to measure 
path families is the following. 

Definition 2.1. Let Q C X be an open connected set. The p-modulus 
of a collection of paths r in Q for 1 < p < oo is defined as 

Mod p (r) = inf / tfdn 
e Jq 

where the infimum is taken over all nonnegative Borel-measurable func- 
tions g such that gds > 1 for each 7 G T. 

We use the definition of Sobolev spaces on metric measure space X 
based on the notion of p- weak upper gradients, see [20], [38]. Note that 
instead of the whole space X, we can consider its open subsets in the 
definitions below. 
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Definition 2.2. A nonnegative Borel function g on X is an upper 
gradient of an extended real valued function u on X if for all paths 7, 

(1) \u(x) -u(y)\ < gds, 

whenever both u(x) and u(y) are finite, and j^gds = 00 otherwise. 
Here x and y denote end points of 7. Let 1 < p < 00. If g is a 
nonnegative measurable function on X, and if the integral in ([1]) is 
well defined and the inequality holds for p-almost every path, then g is 
a p-weak upper gradient of u. 

The phrase that inequality ([T]) holds for p-almost every path with 
1 < p < 00 means that it fails only for a path family with zero p- 
modulus. Many usual rules of calculus are valid for upper gradients as 
well. For a good overall reference interested readers may see [19], [IB] , 
and [6j. 

If u has a p-weak upper gradient g G Lf oc (X), then there is a minimal 
p-weak upper gradient g u such that g u < g /x-almost everywhere for 
every p-weak upper gradient g of u, see [TB] and [BJ. 

When f2 is an open subset of Euclidean space equipped with the 
Euclidean metric and Lebesgue measure, the Sobolev type space con- 
sidered below coincides with the space of quasicontinuous representat- 
ives of classical Sobolev functions. In the setting of weighted Euclidean 
spaces with p-admissible weights, or the Carnot-Caratheodory spaces, 
the corresponding Sobolev spaces coincide in an analogous manner with 
the Sobolev type space considered below. We refer the interested reader 
to [5B1 Example 3.10]; recall that in the Carnot-Caratheodory setting, 
the classical Sobolev spaces consist of functions in L P (X) whose hori- 
zontal derivatives are also in L P (X), and so the upper gradient analog 
is with respect to paths with tangents in the horizontal directions. In 
the Carnot-Caratheodory setting paths with finite lengths are precisely 
paths with tangents in the horizontal directions. 

Definition 2.3. Let 1 < p < 00. If u e L P (X), let 

IM|ati,p(x) — (^J \ u \ p dp + inf J 9 P ' djj^j , 

where the infimum is taken over all p-weak upper gradients of u. The 
Newtonian space on X is the quotient space 

N X ' P {X) = {u : \\u\\ N i, P(x) < 00} I ~, 

where u ~ v if and only if \\u— v\\ N i, P ( X ) = 0. 

Note that if X has no nonconstant rectifiable path, then zero is an 
upper gradient of every function, and so in this case A^ 1,P (X) = L P (X). 
Therefore, to have a reasonable theory of Sobolev spaces that gives rise 
to a viable potential theory, one needs a further condition on the metric 
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measure space. In literature, the following Poincare type inequality is 
considered. 

Definition 2.4. Let 1 < p < oo. The space X supports a weak (l,p)- 
Poincare inequality if there exists constants Cp > and r > 1 such 
that for all balls B(x,r) of X, all locally integrable functions u on X, 
and for all p-weak upper gradients g of u, 

I \u - u B ( x ,r)\ dfM < C P r ( -f g p d/j\ 

JB(x,r) \JB(x,Tr) J 

where 

UB(x,r) = f Udfi= —— / U d/J,. 

JB(x,r) M-Dl X 7 r )) JB(x,r) 

It is known that Lip(X)nX 1,p (X) is dense in X liP (X) if /i is doubling 
and (l,p)-Poincare inequality is satisfied, see [38]. From this it eas- 
ily follows that Lipschitz functions with compact support are dense in 
N 1,P (X), if X is also complete. Furthermore, under a Poincare inequal- 
ity it is known that the metric space supports a myriad of rectifiable 
curves; see for example {20] and [32] . 

The theory of functions of bounded variation and sets of finite peri- 
meter in metric measure space setting will be extensively used in this 
thesis. These concepts were introduced and developed in [35], [I], [2], 
E2 ED and 0. 

Definition 2.5. Let Q C X be an open set. The total variation of a 
function u G L[ oc (J]) is defined as 



| .Dtt || (fi) = inf liminf / g u . dfx, 



where g Ui is an upper gradient of u% and the infimum is taken over all 
such sequences of functions Ui G Lip loc (n) such that Ui — > u in L 1 1 oc (f2). 
We say that a function u G is of bounded variation, denoted 

u G BV(O), if || Dm || (fi) < oo. Furthermore, we say that u belongs to 
BV loc (fi) if u G BV(fi') for every Q! m ft- Note that N 1 ' 1 ^) C BV(fi). 

It was shown in [35] that for u G BVi oc (X) we have ||Du||(-) to be a 
Radon measure on X. \iU C X is an open set such that u is constant 
on U, then ||Z)u||([/) = 0. A Borel set E C X is said to have finite 
perimeter if xe G BV(X); the perimeter P(E,A) of i? in a Borel set 
A C X is the number 

P(£,A) = p X£ ||(A). 

Remark. Since X is a complete and doubling 1-Poincare space, we can 
consider sequences from N^l(Q) instead of from Lip loc (f2) in the defin- 
ition of ||Dw||(0). This is due to the fact that functions from N^l(Q) 
can be approximated by functions from Lip loc (f2). For a discussion, see 
for instance J7J Theorem 5.9] and [61 Theorem 5.41]. 
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The next lemma is useful in the following sections of this paper. 

Lemma 2.6. Let Q be an open subset of X and u G BV(Q) such that 
the support of u is a compact subset of CI. Then there is an open set 
U (<= Q with supt{u) <s U , and a sequence ui G Lip(Q) with supt{ui) C 
U , such that Ui — >■ u in L l {VL) and 

\\Du\\{yt) = lim / g Ui d[i 

for a choice of upper gradient g u . of u^. 

Proof. Since u G BV(f2) there is a sequence Vi G Lip loc (f2) with Vi — >■ it 
in Aoc( Q ) and 



II^H(Q) = lim / ^rf/i 



for some choice of upper gradient g Vi of V{. Since u has compact support 
in Q we can find an open set U d f2 with supt(w) d £/. Let 17 be an 
L-Lipschitz function on Q such that 0<i]<l, i] = lon supt (it), 
and i] = on Q \ U. We set Ui = i]Vi, and now show that this choice 
satisfies the claim of the lemma. 
To see this, note that 

\u — Ui\ dfi = / \u — 7] Vi\ d\x 
Ju 



\U — Vi\dfJ,+ / T)\Vi\d[A 
supt(u) J f7\supt(u) 

< / \u — Vi\d/jL+ / \u-Vi\dfj, 

JU JU\supt(u) 

<2 / \u — Vi\ d/i — > as % — > oo. 
Ju 

Furthermore, the function g Ui = i]g Vi + jfjl^ is an upper gradient of 
Ui. Because g v = on supt (it) U (Q \ U) and g v < L, we see that 



/ 9tndfj,< / g Vi dfi + L \vi\dfi 
Jo. Ju Ju\supt(u) 



Because 



it follows that 



< / g Vi dfi + L / \u-Vi\dfj,. 

'l/\supt(u) 



lim / \u — Vi\ dji — 0, 



i— s-oo 



f7\supt(u) 



limsup / g Ui dfi< \\Du\\(Q). 

i— s-oo JfJ 
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On the other hand, by the previous argument we know that U{ — > u in 
L\n). Thus 

||Dw||(0) < liminf / g u . dfx, 

i->oo J Q 

and this completes the proof. □ 

The following coarea formula holds, see [35, Proposition 4.2]: whenever 
u G BV(X) and E C X is a Borel set, 



\\Du\\{E) = [ P{{u > t},E)dt. 
Jr 



It was also shown in the thesis [10, Theorem 6.2.2] that if u G N 1,l (X) 
then 



INU^ 1 ^) = / \u\dfi+ \\Du\\(X) 

and that there is a minimal weak upper gradient g of u such that 
whenever E C X is measurable, we have 

||£>w||(£)= / gdpL. 
Je 

The above was proved in [TOj Theorem 6.2.2] for the case that E is an 
open set. Since ||£)«||(-) is a Radon measure, the above follows for all 
measurable sets. In a metric measure space equipped with a doubling 
measure, the (1, l)-Poincare inequality implies the following relative 
isoperimetric inequality, see [33] or [5]: there are constants C > and 
A > 1 such that whenever E C X is a Borel set and -B is a ball of 
radius r in X, 

mm{fi(EnB),fi(B\E)} < CrP(E,XB). 

See also [HI Theorem 1.1] for the converse statement. Thus if E has 
zero perimeter in XB, then the above inequality states that up to sets 
of measure zero, either B C E or I? fl E is empty. 

The Hausdorff measure of codimension one of E G X is defined as 

H{E) = lim inf [ ^ ^— ^ : J C N, < 8 for alii G i", E C |J ^ 1. 

Here 5j are balls in X and rj = rad Bi. 

Throughout this note we will assume that (X, d, //) is a complete 
metric space with a doubling measure supporting a weak (1, l)-Poincare 
inequality. 

3. Modulus and Continuous capacity of condensers; the 

CASE p — 1 

It was shown in [23] that when 1 < p < oo the p-modulus of the fam- 
ily of all paths in a domain Q C X that connect two disjoint continua 
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E, F C ft must equal the variational continuous p-capacity of the con- 
denser (E,F,fl). The tools used in that paper include a strong form 
of Mazur's lemma, which is not available when p = 1. On the other 
hand, the results from [22J, which were not available at the time [23] 
was written, should in principle help us to overcome this difficulty. 

In this section we give an extension of the result of [23J to the case 
p = 1 by using the results of [22]. Once we have that the p-modulus 
of the family of curves connecting E to F in ft equals the variational 
p-capacity of the condenser (E,F,Q), we use the fact that under the 
Poincare inequality Lipschitz functions form a dense subclass of the 
space A^ 1,1 (X) and that functions in A^ 1 ' 1 (X) are quasicontinuous to 
prove that the capacity of the condenser can be computed by restricting 
to functions in N l,1 (Q) that are continuous on ft. An easy modification 
of this proof also indicates that in computing the variational Sobolev 
1-capacity of a set E C ft, one can insist that the test functions take 
on the value one on E, or equivalently take on the value one in a 
neighborhood of E, see for instance [21] and [7]. 

Let ft C X be an open connected set in X, and E and F be dis- 
joint nonempty compact subsets of ft. Denote by Mod p (E, F, ft) the 
p-modulus of the collection of all rectifiable paths 7 in ft with one en- 
dpoint in E and other endpoint in F. The p-capacity of the condenser 
(E, F, ft) is defined by 



where the infimum is taken over all nonnegative Borel measurable func- 
tions g that are upper gradients of some function u, < u < 1 with the 
property that u = 1 in E and u = in F. Note that in this definition it 
is not even required of u to be measurable. If u is in addition assumed 
to be locally Lipschitz, then the corresponding number obtained is de- 
noted locLip — c&p p (E, F,Q). The definitions immediately imply that 
for 1 < p < 00, 



Mod p (£, F, fi) < cap p (£, F, ft) < locLip - cap p (£, F, ft). 
By proposition 2.17 in [20], for 1 < p < 00 we have 



and therefore extend the result in [23] to also cover the case p = 1. We 
follow the strategy used in [23J. A crucial step in [23J is to prove that 




Mod p (£, F, ft) = cap p (£, F, ft). 



Our goal in this section is to prove that 



c&Pi(E, F, ft) = locLip — capi(E, F, ft) 



cap p (£, F, ft) = N£ - cap p (£, F, ft) 
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where in the latter case the test functions u are required to be in 
N^(Q). We prove that the above equality also holds for p — 1. First 
we recall the following theorem. 

Theorem 3.1 ([22, Theorem 1.11]). Let X be a complete metric space 
that supports a doubling Borel measure fi which is nontrivial and finite 
on balls. Assume that X supports a weak (l,p)-Poincare inequality for 
some 1 < p < oo. If an extended real valued function u : X — > [— oo, oo] 
has a p-integrable upper gradient, then u is measurable and locally p- 
integrable. 

The following observation is an easy consequence of the previous 
theorem. 

Corollary 3.2. Let Q C X be an open connected set. If u : Q — >■ [0, 1] 

has an upper gradient g G L P (Q), then u is measurable. 

Proof. Recall that we have as a standing assumption that X supports 
a weak (1, l)-Poincare inequality. 

It suffices to prove that u coincides with a measurable function loc- 
ally. To do so, for xo G let r > such that B(xo,4r) C ft, and let 
t] be a 1/r-Lipschitz function on X such that 0<i]<l,i] = lon 
B(x ,r), and r\ = on X \ B(x ,2r). Consider the function v = r/u; 
note that while u is not defined on X \ ft, since 77 = on X \ ft we can 
extend v by zero to X \ Q. 

A direct computation shows that p = r\g + r~ l u XB(x ,2r)\B(x ,r) is an 
upper gradient of v in X. Thus it follows from Theorem 13.11 that v is 
measurable on X, and hence v is measurable on the ball B(xq, r) C Q.; 
the proof is completed by noting that on B(xo, r) we have u = v. □ 

Theorem 3.3. Let E and F be nonempty disjoint compact subsets of 
an open connected set Q C X . Then 

ca Pl (£, F, n) = N£ - ca Pl (£, F, fi). 

Proof. It is clear that 

ca Pl (£, F, fi) < <' C X - ca Pl (£, F, fi). 

Let e > and u : f2 — > [0, 1] be a function such that u — 1 in E and 
u = in F and with an upper gradient g u for which 

g u dfi < cap^-E, F, Q) + e. 

By Corollary 13. 2[ u is a measurable function with an integrable upper 
gradient. Since u is bounded it follows that u G -W lo ' c (fl). Hence 

<c - ca Pl (E, F, O) < / < cap^E, F, ft) + e. 

The desired inequality follows by letting £ — > 0. □ 
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As pointed out in the beginning of Section 2, a complete metric 
measure space X with a doubling measure is proper, i.e. all closed and 
bounded subsets of X are compact. The doubling condition of the 
measure and weak (l,p)-Poincare inequality, with 1 < p < oo, imply 
also that Lipschitz functions are dense in N 1,P (X), see for example [38| 
Theorem 4.1]. For the following theorem we refer to 0, Theorem 1.1]. 

Theorem 3.4. Let X be proper, ft C X open, 1 < p < oo and as- 
sume that continuous functions are dense in N 1,P (X). Then every 
u G N l( £(Q) is quasicontinuous in ft; that is, for every e > there 
is an open set U £ with Cap p (£/ e ) < e such that u\q\u £ is continuous on 

n\u e . 

Here, by the total capacity Cap p {U e ) we mean the number 

Cap p (£/ e ) = inf ||w||^i, p(x) , 

where the infimum is taken over all u G N 1,P (X) with u = 1 on U £ and 
< u< 1. 

The following lemma (for 1 < p < oo) is from [23] ; we will prove 
that it also holds true in the case p — 1. A similar proof can be 
used to show that whenever E C X, we have C&p p (E) = Ca.p pQ (E), 
where the latter is obtained by considering test functions u as in the 
definition of Cap p (E) but with the additional condition that u > 1 in 
a neighborhood of E. See [24J and [7j for further discussion. 

Lemma 3.5. Let E and F be nonempty disjoint compact subsets offl. 
For every < e < \ there exists disjoint compact sets E E and F £ of Q 
such that for some 5 > 

(i) [J xeE B(x,5) = E £ , 

(ii) \j xeF B{x,5) = F e , 

(Hi) <'c " ca Pl (£ £ , F £ , n)<j^- £ (At 1 - ca Pl (£, F, Q) + 2e) . 

Proof. Let < s < 1/2 and u G Nj£(Q) be such that 0<w<l,w = l 
in E, u = in F, and with an upper gradient g u satisfying 

/ g u dfi < N^ c - ca Pl (£, F, ft) + s. 
Jn 

Let L = 4 dist(£', F)" 1 . By Theorem 13 .41 the function u is quasicontinu- 
ous in Q. Hence there exists an open set U such that u\q\jj is continuous 
in ft \ U and Cap^ff) < e/(l + L). Thus there exists v G A 1 - 1 ^), 
< v < 1, such that v = 1 in U and 

/ vdfi+ g v dfi < £ . 
Jx Jx 1 + L 
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Let Ei = E\U and Fi = F \ U; then Ei, F\ are compact subsets of 
Q\U with E\Ei = EHU imdF\Fi = FnU subsets of U. Let 

51 = dist (Ei, {x G fi \ U : u(x) < 1 - e}) 

5 2 = dist (Fi, {x G fi \ U : u(x) > e}) 

and let 

5 = min {8i, 5 2 , dist(£, F)/10, dist(£, X \ fi)/2, dist(F, X \ fi)/2} . 

Since i?i and Fi are compact and u\u\u is continuous, it follows that 
5 > 0. Let 



and let be an L-Lipschitz function such that —1 < rj < 1, r\ — — 1 in 
F e , and 77 = 1 in E £ . Let 

~ ( n u + nv — e 

w = max < (J, 

[ l-2e 

and let w = min{l, w}. Now w G iV" lo ' c (fi) with if = in F £ and w 
in E^. Since u> has an upper gradient 

^ g u Lv + g v 



u 1 - 2e I -2s 
we obtain 

Nj£ - capi(E £ ,F £ ,Q) < / g w dji 



V 



1 



g u dji + L / v djj, + I g v dfx 



l-2e 

< rr^Kc - ca Pi ^ fi ) + y^Ys D 



1 vl ,i 2e 



We recall the following result Theorem 5.9]. The proof given there 
is valid for all 1 < p < oo. 

Theorem 3.6 ([7, Theorem 5.9]). Let X be proper and assume that 
locally Lipschitz functions are dense in iV 1,p (X). // fi C X is open, 
u G N^iVt), and e > 0, then there exists a locally Lipschitz function 
v : fi — > R such that \\u — v\\ni. p ^q) < e. 

An analog of the next lemma for p > 1 was proved in [23] . 

Lemma 3.7. Let e, 5, E £ , F £ , E, F and fi be as in Lemma \3. 51 Then 

<c - ca Pl (£ e , F £ , fi) > locLip - ca Pl (£, F, fi). 
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Proof. Let 771 be a Lipschitz function such that < T]i < 1, 771 = 1 in 
E and rji = in Q\E £ . Correspondingly, let rj 2 be a Lipschitz function 
such that < i]2 < 1, i]2 = I in F and 772 = in Q \ F £ . Let 7 > and 
let u G N^(Q) be such that < u < 1, it = 1 in E E and u = in F £ 
with an upper gradient gr u such that 

/ g u dfi < Nj£ - cap^^, F e , ft) + 7. 

By Theorem 13.61 there is a sequence of locally Lipschitz functions Uj, 
< Mi < 1 such that 

lim - u\\ N i,itQ) = 0. 

i— >oo 

Let 

= (1 - T)i - 7] 2 )Ui +771 = (1 - 1*1)771 + - 772), 

for i = 1, 2, . . . Observe that Vi — 1 in E, Vi — in F and f , has an 
upper gradient 

g Vi < 9 m {l ~ Ui) + m9ui + 9ui{l ~ V2) + Ui9 m 

< g m (l - Ui) + r] X (g u ^ u + g u ) + {g Ui -u + 9u)(l ~ m) + Uig V2 . 

Since we may assume that g u = in E £ U F £ , g m — in Q \ E e , g m =0 
in Q \ F £ and since u = 1 in E £ and u = in F £ we have the following 
estimate 

locLip — cap 1 (£', F, fi) < / g Vi d\x 

Jn 

< \\g m \\L°°(n) / \ui-u\dfi+ / g Ul - u d^ 
Je £ Je £ 

+ / g u dfi+ / g Ui - u djj+ / g u d/i 



+ \\gm\\L°°(n) / |«i - u\d/j,. 

We may assume that g u = in £? e because w = 1 in E e . Thus by letting 
i —> 00 we obtain 



locLip — cap 1 (£', F, fl) < / <7 u d// 

in 

<<' c 1 -cap 1 (E £ ,F e ,n)+ 7 . 

The claim now follows by letting 7 — >• 0. □ 

Finally we obtain the main result of this section. 

Theorem 3.8. If E and F are nonempty disjoint compact subsets of 
Q, then 

Modi(.E7, F, Q) = cap x {E, F, Q) = locLip - ca Pl (£, F, Q). 
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Proof. It suffices to prove that 

locLip — cap^F, F, Q) < cap^F, F, Q). 
Let E £ and F £ be as in Lemma 1X51 Then by Lemma 1X71 and Lemma I3"3l 
locLip - ca Pl (F, F, fi) < N£ - ca Pl (F £ , F e , Q) 

< y^Y £ «c " ca Pl (E, F, O) + 2e) . 
According to Theorem 13.31 we have that 

<' c x - ca Pl (F, F, fi) = ca Pl (F, F, fi) 
and the claim now follows by letting e — Y 0. □ 

4. Variational BV-capacity 

In this section we study different types of variational BV-capacities 
in metric measure spaces. Since the class BV(X) is less restrictive than 
N 1,1 (X) in terms of pointwise behavior of functions, it is not obvious 
which definitions of BV-capacity are equivalent. Our main focus in 
this section is to study which pointwise conditions the test functions 
of capacity must satisfy in order to establish a BV-capacity that is 
comparable to the variational 1-capacity known in literature. 

For the Sobolev 1-capacity, due to the quasicontinuity of Sobolev 
type functions, one can either insist on the test functions u satisfying 
u = 1 in a neighborhood of the set whose capacity is being computed, 
or merely require that the test functions satisfies u = 1 on the set. 
Thus the two seemingly different notions of 1-capacity are equal; for 
instance, see the earlier discussion in Section 3. 

In the Euclidean setting Federer and Ziemer [13] studied a version 
of BV-capacity of a set E based on minimizing the perimeter of sets 
that contain E in the interior, and another version of BV-capacity 
based on test functions u that satisfy the requirement that the level 
set {u > 1} should have positive upper density "H™ _1 -a.e. in F. They 
proved that these two quantities and the variational 1-capacity are 
equal. In [25] Kinnunen et.al. studied the following variational BV- 
capacity in a metric measure space setting. 

Definition 4.1. Let K C X be compact. The variational BV-capacity 
of K is defined as 

cap BV (F)=inf||FH|(X), 

where the infimum is taken over all u 6 BV(X) such that u — 1 on 
a neighborhood of K, < u < 1, and the support of u is a compact 
subset of X. 

It was shown in [25] that when K is compact the above BV-capacity 
is comparable to the variational 1-capacity and to the Hausdorff content 
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of codimension one. In this section, we define two modifications of BV- 
capacity. First we recall the definitions of the approximate upper and 
lower limits. Let u be a measurable function. Define 

., _ , u (B(x, r) n \u > t\) 

u v (x) = inf <! t G R : lim V > > — = 

r->o fi(B(x,r)) 



and 



, m ,. a (B(x.r) n {u < t}) 
u A (x) = sup U G E : lim H ' 1 



r^o fi(B(x,r)) 



Moreover, we define 



u v + u A 



u 

2 

If u v (x) = u A (x), we denote by 

ap lim u(y) = u v (x) 

the approximate limit of u at point x. The function u is approximately 
continuous at x if 

ap limw(y) = -u(x). 

The jwmp set of function u, in the sense of approximate limits, is defined 
as 

S u = {x e X : u v {x) jt u A {x)}. 

The classical result states that S u is countably (n — l)-rectifiable for 
u G BV(lR n ), see for instance [39l Theorem 5.9.6]. This result has an 
analog in the metric setting, where the countable (n — l)-rectifiability 
is replaced with S u = UfceN^(^) with < oo for each k G N; 

this follows from [51 Proposition 5.2 and Theorem 4.4]. 
We consider the following capacities in this section. 

Definition 4.2. Let Q C X be an open set and K C f2 be a compact 
set. We define 



cap x (i^, fi) = inf / p u (i/i 
in 



where the infimum is taken over all weak upper gradients g u of functions 
u G N l,1 {VL) such that supt(w) is a compact subset of fl with u = 1 on 
a neighborhood of if. Moreover, we define 

cap BVi0 (#,n) = inf \\Du\\{n) 

where the infimum is taken over all u G BV(f2) such that < u < 1, 
supt(w) is a compact subset of Q with u = 1 on a neighborhood of 
K. In this definition, as with cap x Q (-, Q), we can remove the condition 
that < u < 1. We define 

cap BV (K,fi) = inf ||Du||(n) 
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where the infimum is taken over all u G BV(ft) such that supt(w) is a 
compact subset of ft and u > 1 on K. Finally we define 

CapBV-trunc(^ fi ) = inf \\ Du \\(ty 

where the infimum is taken over all u G BV(ft) such that < u < 1, 
supt(w) is a compact subset of ft and u > 1 on K. 

Remark. Note that we do not assume that these functions satisfy the 
condition u < 1 in the definition of c&p BV (K, ft), though we can assume 
that u > 0. 

For any compact set K we automatically have the following inequal- 
ities: 

c£p By (K,n) < cap BV _ tIunc (K,Q) < cap BVO (K,ft) < cap : (if, ft). 

The first inequality immediately follows from comparing the test func- 
tions. The second inequality follows from the observation that if u = 1 
in some open neighborhood of a compact set K, then u A (x) > 1 
for every x G K. The third inequality follows from the fact that 
N 1,X {VL) C BV(O). 

Theorem 4.3. For any compact set K dVt we have 
cap 10 (iC, ft) = cap BV O (ir,ft). 

Proof. As pointed out above, cap BV Q (K, Q) < cap x Q (K, Q). In order 
to prove the opposite inequality, let e > and u G BV(ft) be such that 
u = 1 in an open neighborhood U d ft of i^, supt(w) is a compact 
subset of ft, and that 

|| £>u|| (ft) < cap BV)Q (K,ft) +e. 

According to Lemma 12.61 there exist functions Ui G Lip (ft) such that 
Ui —7- u in L x (ft) and satisfying 

lim / g u .dn = \\Du\\(Q). 

We may assume that < Ui < 1 and by Lemma 12. 6[ the functions 
Ui all have a compact support in ft. Let U' be an open set such that 
K C U' <s U and r\ be a Lipschitz function such that 0<r/<l,r]=l 
in U' and 77 = in ft \ U. We define 

Vi = r)+(1- rj)ui = (1 - Ui)r? + 

for i = l,2,... and note that Vi G A^ 1,x (ft) with compact support in ft. 
Furthermore, the absolute continuity of Vi on p-modulus almost every 
path yields that for every i G N the function Vi has an upper gradient 
g v . satisfying 

g Vi < |(1 - «<)^ + (1 - = (1 - «i)#J7 + (1 - 
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see fZT\ Lemma 3.1] and [BJ Theorem 2.11]. Since we may assume that 
g v = in n \ U we have the following estimate 

limsup / g Vi dji < lim sup / (1 — Ui)g v dfi + limsup / (1 — r\)g u .d\i 

i—>co Jq i— s-oo Jq i— >>oo Jq 

< || g v \\ oo limsup / \u — Ui\dji + \\Du\\(ti) 
= \\Du\\(n) < cap BVi0 (K,fi) +e. 

Thus, for every e > we find an admissible A^ 1,1 (fi)-function with a 
compact support in Q such that 

cap 1Q (K, fi) < limsup / g Vi d[i < \\Du\\(Q) < cap BY Q (K , il) + e. 

i— >oo Jq 

The claim now follows by letting e — > 0. □ 

Before proceeding any further in the study of comparisons of capa- 
cities, we give a counterexample demonstrating that cap BV (ii', Q) ^ 
cap BV Q (K,Q) in general. 

In this example we use the fact that if a ball B C E, where E CM 2 
is a bounded set with finite perimeter, then P(B) < P(E). This type 
of results for convex sets are part of the general folklore. For the details 
of one such result which is sufficient for our purposes, see [33, Proof of 
Proposition 3.5 and Appendix]. 

Example 4.4. Let m denote the ordinary Lebesgue measure and let 
X = (IR 2 , | • |, /i) where d\x = w dm with 



w(x\ 





when \x\ 




when \x\ 



Let K = 5(0,1) and Q = 5(0,10). Let e > 0. The coarea formula 
implies that 

cap BVi0 (K,fi) > \\Du\\(n)-e 

> P({u > t},tt)-e 

for some admissible function u 6 BV(f2) and for some < t < 1. 
Furthermore, since u is compactly supported in Q, via zero extension 
we obtain that 

cap BVj0 (ir, Q) > P({u > t}, X) - e. 

From the fact that u = 1 in a neighborhood of B(0, 1) it follows that 
{u > t} 3) B(0, 1 + 5) for some 5 > 0. 

Since the perimeter measure vanishes outside the measure theoretic 
boundary, we can apply the result mentioned in the discussion pre- 
ceding this example also in this weighted case for sets {u > t} and 
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5(0, 1 + 5) to obtain 

P({u >t},X)-e> P(£(0, 1 + S), X) - e = 16tt + 16vr(5 - e. 
Thus letting e —> 0, we get 

cap BVO (.K", fl) > 16n. 
By approximating 2yj^ with Lipschitz functions 

Ui = 2 min {1, max {0, — 2i\x\ + 2z — 1}} , 
see [TSl Example 4.5] for details, it follows that 

cap BY (K,tt) < \\D(2x K )\\{ty < liminf / \Dui\dfi < 4tt. 

Therefore, in this example we get 

cap BV (iC,fi) < cap BV O (ir,fi). 

In the light of the above example, our goal now is to show that these 
capacities are comparable. To do so, by the previous observations we 
need to prove that there is a constant C > such that 

■q ca PBv,o(^ n ) < capBv-trunc(^ fi ) < Ccap BV (K, Q) 

for every compact set K G Q. We start with the following theorem. In 
the proof we combine discrete convolution and boxing inequality type 
arguments to obtain the desired result. 

Theorem 4.5. There exists a constant C > 0, depending only on the 
constants in the (1, l)-Poincare inequality and the doubling constant of 
the measure, such that 

c&p BYO {K,Q) < Ccap BY _ tmnc {K,Q) 

for any compact set K dVt. 

Proof. Let u G BV(fi), with < u < 1, be an admissible function for 
computing cap BV _ trunc (il", Q), such that 

\\Du\\(tt) < 5ap BV „ trunc (K,fi) +e. 

Since u > 1 on K and < u < 1, we have u A > 1 on K. So by the 
definition of u A , for every x G K and t < 1 we have 

/x(£(x,r)n{w<t}) 

lim — rr = 0. 

r->o ji{B[x,r)) 
For t > set = {m > t}. Thus for every x £ K and < t < 1, 

v 7 r^o n(B(x,r)) 

By the coarea formula there exists < to < 1 such that 

(3) P(E t0 ,Q) < \\Du\W) < 5ap BV _ trimc (ir,Q) +e. 
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Let 



E = < x G Q : lim 



li{B(x,r)nE t0 ) 



>o p(B(x,r)) 

Observe that dist (E,X \ Q) — S > 0, and due to the Lebesgue dif- 
ferentiation theorem, p(EAE to ) = 0. Thus P(E to ,Q) = P(E,Q) = 
P(E,X). The equation ([2]) yields that K C E. We now apply discrete 
convolution, as in the proof of Theorem 6.4 in [23], to the function 
w — Xe with parameter p = <5/(40r), where r is the constant in the 
weak (1, l)-Poincare inequality, to obtain 

oo 
i=l 

Here {Bi}^ is the covering related to the discrete convolution. 

Let us make few comments on this technique. The radius of each ball 
Bi is p = 5/(40r). The partition of unity {(Pi}°Zi can be constructed 
in such way that (pi is a C/5-Lipschitz function with ^ > 1/C in 
Bi and supt(<£>j) C 2Bi for every i = 1,2,..., where the constant C 
depends only on the overlap constant of the covering related to the 
discrete convolution, see [25]. The overlap constant does not depend 
on the radii of the balls used in the covering. We also point out that 
in [25] the authors assume that p(X) = oo, but the construction and 
properties of discrete convolution do not depend on this assumption at 
all, and hence that assumption is not needed in this paper. 

The proof of Theorem 6.4 in |25J implies that v G A^ 1,1 (fi) R C(Q) 
with < v < 1 and supt(t> ) is a compact subset of Q. 

We divide the set E into two parts 

f u (Bi n E) 1 r 
Ei = < x G E : — r — > - for some Bi with x G B 

I K B i) 2 

and 

E 2 — \ x G E : — - j — - — - < - for every Bi with x G Bi 
I H\Bi) 2 

Let x G Ei. By the definition of Ei there is a ball i?j such that x £ Bi 
and wb i; > 1/2. Since tfn > 1/C in Bi we have that 

u > > V(2C) > 

in and therefore w = 2Cf > 1 in a neighborhood of the set Ei. Note 
that v G iV 1 ' 1 ^) C BV(fi) with compact support in Q and with the 
total variation 

\\Dv\m)<C\\D X E\m) = CP(E,n), 
see the proof of [25l Theorem 6.4] for details. 
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Let x G E 2 and B,i be such that i 6 5j. Let B = B(x,p) and notice 
that Bi C 2B C 4Bj. Thus we can estimate 

p (2B n E) _ p (2B) p (2B \ E) 
p(2B) ~ p(2B) p(2B) 

A* (Bi \ 



< 1 

< 1 



/i (5, \ E) 



C 2 Di a (B^ ■ 

Here Co is the doubling constant of the measure p. By the definition 
of Ei we know that 

AjCgjVg) > 1 
M-Bi) " 2' 

Hence 

H(2BDE) 1 
/i(25) " 2C£ 

Since a; G -E2 is a point of Lebesgue density 1 for i£ to and p(EAE to ) = 0, 
we have that 

r->o p(B(x,r)) 

We now follow the proof of the boxing inequality [251 Theorem 3.1], see 
also [36| Lemma 3.1]. For every x G E2 there exists r x with < r x < 2p 
such that 

p(B (x, r x ) fl E) < 
p(B(x,r x )) 

and 

(i(B(x,r x /2)) 
From the choice of r x it follows that 

p (B(x, r x ) \E)=p (B{x, r x )) - p {B{x, r x ) n E) 
> p(B(x,r x )) - cp(B(x,r x )) 
= (l-c)p(B(x,r x )). 

Furthermore, we have that 

p{B (x,r x )r\E) p{B (x,r x /2)r\E) _c_ 
p(B(x,r x )) ~ C D p(B(x,r x /2)) C D 
Thus by the relative isoperimetric inequality we obtain 

p(B(x,r x )) <c min{// (B (x,r x ) n E) , p (B(x,r x ) \ E)} 

'X 'X 

<CP (E,B(x,rr x )), 

where the constant C depends only on the doubling constant of the 
measure and the constants in the weak (1, l)-Poincare inequality. We 



> c. 
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apply the standard covering argument to the family of balls B(x, rr x ), 
x G E 2 , to obtain pairwise disjoint balls B(xj, rrj), j G N, such that 

E 2 C [J B(x,rr x ) C \jB(x j ,5rr j ). 

x£E 2 j=l 

By using the doubling property of \x and the fact that P(E, •) is a Borel 
measure and that the balls B(xj,rrj) are pairwise disjoint, we obtain 

H (B(xj, brTj)) ^ n {B{xj,rj)) 



oo 

<CY,P{E,B{x 3l rr 3 )) 

3=1 

too 
3=1 

< cp(E,n). 

For positive integers j we define functions ipj G Lip(O) by 



Let 



I dist ( x, B (xj , hrTj ) ) \ 

5rr i / + ' 



■0 = SUp 1pj 
1<j'<oo 



and observe that if) = 1 in a neighborhood of the set £?2- The radius 
of the covering balls B(xj,5rrj) satisfies 5rrj < 5/4 and since 5 = 
dist(2£, X\Q) < dist (^2, X\Q), we know that ip has compact support 
in Q. Moreover, i[> has an upper gradient 

1 

gty = SUp XB^.lOrrj), 

l<jf<oo vTTj 

see [HI Lemma 1.28]. For the upper gradient we have the estimate 

/ 9^ < I ^rXB( Xj ,ior rj )dfi 
= it I ^r d v 



< 



3=1 ' J 



5rr 

< CP{E,ti). 



Thus ^ G iV 1 ' 1 ^). 
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Let v = min{v + ip, 1} where v was constructed in considering E\, 
and notice that v G N hl (Q) C BV(fi), < v < 1 and supt(^) is a 
compact subset of Q. Moreover v = 1 in a neighborhood of E D K. 
By using the properties of total variation measure we have that 

c&v lo (K,Q) < \\Du\\(Q) 

< \\Dv\\(n) + \\Lhl>\\(n) 

< \\Dv\\(Q)+ [ g^dfx 

Jn 

< CP(E,Q). 

In the previous estimate the third inequality follows from the fact that 
\\D^\\(Q) < for V G N 1 ' 1 ^), see pH Theorem 6.2.2]. Since 

P(E, Q) = P{E t0 , Q), the inequality © yields 

ca Pi,o( J ^ fi ) = ca PBv,o(^ <C (cSp BY _ tIuac (K, fi) + e) . 
The claim now follows by letting e — > 0. □ 

Thus cap BV (-, Q) and cap BV _ trunc (-, f2) are comparable with a con- 
stant which does not depend on Q. We obtain the remaining inequality 
in the next theorem. 

Theorem 4.6. There exists a constant C > 0, depending only on the 
constants in the (1, l)-Poincare inequality and the doubling constant of 
the measure, such that 

capBV-trunc(^ fi ) < C cap BV (K, Q) 
for every compact set K dVt. 

Proof. Let e > and u G BV(fi) such that supt(u) is a compact subset 
of Q, u > 1 in K, and 

\\Du\\(n) < cap BV (K,fi) +e. 

We may assume that < u < 2 since the truncated function u = 
min{w, 2} is an admissible function with smaller total variation. This 
is due to the observations that for any t < 2 we have {u > t} = {u > t} 
and {u < t} = {u < t}. Hence u v (x) > 2 implies that w v (x) = 2, and 
if u v (x) < 2 then u v (x) = u v (x) and u A (x) = u A (x). 
We divide the set K into two parts; 

K x = {x G K : u y (x) - u A (x) < 1/2} 

and 

K 2 = {x G K : u v (x) - u A (x) > 1/2} . 
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Note that K 2 C S u and thus by [5J Theorem 5.3], 

U(K 2 ) < f dU<- I Q u dU 
Jk 2 a J K2 

<C\\Du\\(S u ) 

(4) <C\\Du\\(Q). 
Here C — 2/ a, and we used the estimate that for x G K 2 

u v (x) 

Ou(x) > / adt>° 



2 

u^{x) 

where 9 U is defined as in [5l Theorem 5.3] and a > depends only on 
the doubling constant of the measure and the constants related to the 
weak (1, l)-Poincare inequality, see [51 Theorem 4.4] and j5j Theorem 
5.3]. Hence the constant C in the above estimate depends only on 
the doubling constant of the measure and the constants related to the 
Poincare inequality. Thus for S > there is a covering 

oo 

\jB(x i} ri) D K 2 

i=l 

such that T{ < 5 for every i — 1,2,... with the estimate 

,r\ yr^ ^(B (xi,ri)) 

(5) 2^ : <U{K 2 )+e. 

i=i r< 

By choosing 5 to be small, we may assume that 

. dist (K, X\Q) 

— r ° — ' _ 

We construct an admissible test function to estimate cap BV _ trunc (ii', Q) 
as follows. Let us define functions <fi by 

dist (x,B(xi,ri))' 

for i — 1, 2, . . . and 



<£>o = mm {2u, 1} . 

Let 

if = sup y?; 

0<i<oo 

and observe that < </? < 1 and supt(y) is a compact subset of Q. If 
x G K 2 , then x G -B(x,, r^) for some index 1 < i < oo and 95 > > 1 
in this neighborhood of x. Thus <f v {x) > ip A (x) > 1 and so y?(x) > 1. 
To obtain similar estimate for the points of set K\ notice that for t < 1 
we have 

{y? < t} C {y? < t} C {2m < £} . 
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Since u A > 1/2 in Ki, it follows that for every x G K\ and for any 
t < 1/2, 

Hm n(B(x,r)n{u<t}) = Q 

Thus for every x G i£i and for any it < 1 we have that 
lim < u(£(a:,r)n{2n<t}) _ Q 



and hence 



Hm Ji(g(s,r)n{y <t}) = Q 
i-^o fi(B(x,r)) 



This implies that y? A > 1 in i^i and therefore tp > 1 in K\. We have 
thus obtained that Tp > 1 in K. Let 

= max tfi 

0<i<k 

and note that ipk — > tp pointwise as k —> oo. We apply the dominated 
convergence theorem to obtain 

lim / \<p — ipk\d/J, = / lim (tp — ipk) d/i — 

and thus ipk — ► <P in ^(Q) as — » oo. By the properties of the total 
variation measure we have 

||£M|(ft) <liminf \\D^ k \\(n) 

k— >oo 

< liminf V ||£>^||(fi) 

fc— s-oo ' 

8=0 

OO 

= 11^11(0) + 5^11^11(0). 

1=1 

Using the definitions of functions tpi we have the estimates 

H^oll(O) < 2\\Du\\(n), 

and by © and (gj, 



OO OO „ , 

x;ipwii(n)<E / 

i=l i=l JB(x u 2n) r i 



< 



\x (B (xi,ri)) 



i=l 

<C D (C\\Du\\(Q)+e) 
< C (\\Du\m) + e) . 
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Thus 




□ 



The constant C in the previous theorem does not depend on ft. We 
have thus obtained that there exists a constant C > such that 

^ cap BV O (ir, ft) < 5ap BV _ trunc ( J fsr, ft) < c^p BY {K, ft) 

for any compact set K C ft. Combining these estimates we may state 
the following. 

Corollary 4.7. Let ft C X be open and K a compact subset of ft. 
Then 

cap 10 (K, ft) = cap BV O (ir, ft) w cap BV _ trunc (ir, ft) w cap BV (ir, ft), 

wii/i i/ie constants of comparison depending only on the doubling con- 
stant of the measure and the constants in the Poincare inequality. 

Thus, on the collection of all compact subsets of ft we have cap x (', ft), 
cap BV (-,ft), cap BV _ trunc (-, ft) and cap BV O (-,ft) are equivalent by two 
sided estimates. 

5. CODIMENSION ONE HAUSDORFF MEASURE AND CAPACITY 

In this section we study comparisons between the variational capacity 
and the capacity where the norm of the function is also included. In 
the previous sections we studied relative capacities of compact sets. 
Should the metric space X be parabolic, then when ft = X the relative 
capacities of every set are zero; see for example the discussion in [25j 
Section 7]. However, the total capacities considered in this section 
do not have this drawback. Furthermore, since capacities in general 
are not inner measures, it would be insufficient for potential theory to 
consider only compact sets; in this section we consider more general 
sets. 

Let B C X be a ball. For E C B, we define the following four 
versions of capacity: 




inf / g u dji, 
Jb 



Ca PBV,o(^>£) 



inf \\Du\\(B), 
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where the first and third infimum are taken over all u G N 1,l (B) and all 
upper gradients g u of u such that u = 1 on E and u has compact support 
in B, and the second and fourth infimum are taken over all u G BV(-B) 
such that u = 1 in a neighborhood of E and u has compact support 
in B. In each of the above definitions we consider the infimum to be 
infinite, if there are no such functions. These definitions are consistent 
with the notions studied in previous sections for the case that E is 
compact. Observe that when E <s B we could also require the test 
functions to satisfy the condition u = 1 in a neighborhood of E in the 
definition of ca,p x (E, B) and Cap 1 (-E, B) to obtain the same quantities. 
This fact can be proved by using a cutoff function and quasicontinuity 
of functions in N 1,l (B), see for instance JBJ Theorem 6.19] for the proof 
of an analogous result. 

Remark. We could actually extend the above definitions of capacities 
to arbitrary sets E G X by requiring that the test functions satisfy the 
pointwise conditions in E n B. 

Our goal is to prove that the above capacities have the same null 
sets. In order to compare variational capacities with the total capacities 
where the norm of the function is also included, we apply a metric meas- 
ure space version of Sobolev inequality, see [T7], [SJ Lemma 2.10], [SJ 
Proposition 3.1] and Section 5.4] for general discussion. 

Lemma 5.1. Let B C X be a ball such that X \ B is nonempty. For 
every E C B we have 



with the constants of comparison depending solely on the doubling con- 
stant, the Poincare constants, and the ball B. 

Proof. To see this, note that clearly cap 1 (E, B) < Ca Pl In order 

to prove the remaining comparison, we may assume that cap 1 (£', B) < 
oo. Suppose u is in N 1,1 ^) with u = 1 on E and u has a compact 
support in B. Since X \ B is nonempty, it contains a ball which has a 
positive measure according to the assumptions we made at beginning 
of this article. Thus X \ B has a positive capacity and we can apply 
the "Poincare inequality for A' r Q ,1 (i?)-functions" , see P, Corollary 5.48], 
to obtain 



Here the constant C depends on the ball B as well as the doubling 
constant of measure and constants in the weak (1, l)-Poincare inequal- 
ity. In the above estimate we used the fact that since u has a compact 
support in B we can take g u = on X \ B. Hence 



cap^^S) ps Capias) 




C&p^E, B) < / (\u\ + g u ) djx < C I g u d\i. 
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Taking the infimum over all such u gives 

Ca Pl (£, B) < C cap^E, B). □ 

In fact, since ||-D-?i|| (5) is defined using approximation by Lipschitz 
functions, we can use same arguments as in the above proof together 
with Lemma 12.61 to obtain an analogous result for the corresponding 
BV-capacities. In this case we have the inequality 



/ \u\dfi < C\\Du\\{B) 

J B 



and this yields 

Cw BY>0 (E,B)<C\\Du\\(B). 
Thus we have the following. 

Corollary 5.2. Let B C X be a ball such that X\B is nonempty. For 
every E C B we have 

ca PBV,o(£> 5 ) ~ Cap BVO ( J E, J B), 

with the constants of comparison depending solely on the doubling con- 
stant, the Poincare constants, and the ball B. 

Furthermore, if K C B is compact, then according to Theorem 14.31 
in the previous section cap BV Q (K, B) = cap 1 Q (K, B) = c&p^K, B). 
For more general sets E, we consider 



Cap 1 (E) = inf / (\u\ + g u ) dfi, 
Jx 

Cap BYt0 (E) = inf (^J udfM+\\Du\\(X) 

where the first infimum is taken over all u G A^ 1,1 (X) such that u = 1 
on E and the second infimum is taken over all u G BV(X) such that 
«= 1 on an open neighborhood E. It was shown in [22] that the set of 
non-Lebesgue points of a function in N 1,l (X) is of zero Ca Pl -capacity. 

It can be seen that C&p 1 (E) = if and only if for all balls B in X, 
C&p^E fl B, 2B) = 0. Indeed, let us assume that the latter condition 
holds. By comparing the test functions we immediately have that 

Ca Pl (£ nB)< Ca Pl (E n B, 2B) 

for all balls B C X. Thus, if a ball B C X is fixed, then the countable 
subadditivity of 1-capacity, see for instance [B], implies that 

oo oo 

Ca Pl (£) < Ca Pi(£ nkB)<J2 Cap^E n kB, 2kB) = 0. 

k=l k=l 

In order to prove the opposite inequality, let us assume that Cap x (i?) = 
0. Let B C X be a ball and let e > 0. There is a function u G N l,1 (X) 
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such that u = 1 on E and that 



(\u\ +g u )dfj, < e 



x 



Let v = urj where t] 6 Lip(25) is such that < rj < 1, r] — 1 in B and 
that supt(^) is a compact subset of 2B. Denote by L > the Lipschitz 
constant of r]. Then r/^ u + L|u| is a weak upper gradient of v and 



The desired result then follows by letting e — >• 0. 

The previous argument can be used to obtain the corresponding res- 
ult for BV-capacities. Indeed the BV-capacity Cap BVO (-) is countable 
subadditive, see [El Theorem 3.3], and thus Cap BVO (.E fl B,2B) = 
for all balls B in X implies similarly that Cap BVO (i?) = 0. On the 
other hand, if Cap BVO (i?) = 0, then the equivalence of capacities, 
see [El Theorem 4.3], implies that Cap 1 (S) = 0. Thus the pre- 
vious statement concerning 1-capacities together with the fact that 
N 1 ' l (2B) C BV(25) gives 

Cap BV O (£ n B, 2B) < Ca Pl (£ n B, 2B) = 

for all balls B C X. 

Let us recall that the Theorems 4.3 and 5.1 in [18] imply that for 
any set E C X 

Cap BVi0 (£) = Ca Pl (£) = <^=> H(E) = 0. 

The following corollary is a consequence of the results studied above 
in this section. In this result we assume that X \ 2B is nonempty. 
However, if X \ 2B is empty, then 2B = X and the following versions 
of total 1-capacities coincide, as do the total BV-capacities; however, 
the variational capacities are all zero. 

Corollary 5.3. Let B C X be a ball such that X \ 2B is nonempty 
and let E C B . Then the following are equivalent. 



(1) Ca Pl (£) = 0, 

(2) Cap BViO (£)=0 ; 

(3) Cap x (S,2S) = 0, 

(4) Cap BVjO (E,2 J B)=0 ; 

(5) ca$ x (E,2B) = 0, 
(ff;cap BVjO (£,2B) = 0, 
(7) H(E) = 0. 




< (L+l)e. 
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In potential theory one is usually concerned with whether a set is 
of zero capacity or not. The above corollary shows that any of the six 
forms of capacity can be used in studying this question. Furthermore, 
if Cap BV iQ (E, B)=0 then H{E) = 0. 

The above type total capacities and their connections to Hausdorff 
measure of codimension one were studied in [18J. The relative vari- 
ational BV-capacity in metric measure space setting was studied in [26] 
in the context of De Giorgi measure and an obstacle problem. In [26] , 
the authors require the capacity test functions for cap BV Q (E,B) to be 
zero in X \ B. As an interesting result [2U| Corollary 6.4] they obtain 
that if cap BV O (£', B) > 0, then 

n(d*G)^ C ap BYj0 (E,B), 

for some G G Q satisfying E C int G. The class Q, related to De Giorgi 
measure, is a refined collection of measurable sets satisfying certain 
density conditions, see |26j for details. 
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